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THE EQUIVALENCE PRINCIPLE FOR ALMOST PERIODIC
FUNCTIONS
M. RIGHETTI, J.M. SEPULCRE, AND T. VIDAL
Abstract. Given two arbitrary almost periodic functions, we prove that the
existence of a common open vertical strip V , where both functions assume the
same set of values on every open vertical substrip included in V , is a necessary
and sufficient condition for both functions to have the same region of almost
periodicity and to be ∗-equivalent. This represents an improvement of previous
results and it settles the problem of Bohr’s equivalence theorem not having a
converse.
1. Introduction
The theory of almost periodic functions with complex values, created by H.
Bohr during the 1920’s, opened a way to study a wide class of trigonometric series
of the general type and even exponential series. This subject, widely treated in
several monographs, has been developed by many authors and has had noteworthy
applications [1, 3, 4, 6, 7, 9, 11].
The space of almost periodic functions in a vertical strip U = {s = σ + it : α <
σ < β}, −∞ ≤ α < β ≤ ∞, which will be denoted in this paper as AP (U,C),
is defined as the set of analytic functions f : U 7→ C that are equipped with a
relatively dense set of almost periods (as Bohr called them) in the following sense:
for any ε > 0 and every reduced strip U1 = {s = σ + it : σ1 ≤ σ ≤ σ2} of U there
exists a number l = l(ε) > 0 such that each interval of length l contains a number τ
satisfying the inequality |f(s+ iτ)−f(s)| ≤ ε for s in U1. In an equivalent way, the
space AP (U,C) coincides with the completion of the space of all finite exponential
sums of the form
a1e
λ1s + a2e
λ2s + . . .+ ane
λns,
with complex coefficients aj and real exponents λj , equipped with the norm of
uniform convergence on every reduced strip of U [3, p. 148].
Taking as starting point the mean value theorem, the theory of Fourier expan-
sions of periodic functions can be extended to almost periodic functions. Indeed,
every function in AP (U,C) can be associated with a certain exponential series of
the form
∑
n≥1 ane
λns, with complex coefficients an and real exponents λn, which
is called the Dirichlet series of the given almost periodic function (see [3, p.147], [7,
p.77] or [9, p.312]), and the restriction of this series to vertical lines provides the
Fourier series of this function. When we deal with the theory of almost periodic
functions and their associated Dirichlet series in their strip of almost periodicity,
it is worth noting that the ordinary summation does not necessarily coincide with
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the function which it represents (in general, these series may not converge in the
whole region of almost periodicity). In any case, given an almost periodic function
f ∈ AP (U,C), even in the case that the sequence of the partial sums of its Dirichlet
series does not converge uniformly on U , there exists a sequence of finite exponen-
tial sums, called Bochner-Feje´r polynomials, of the form P fk (s) =
∑
j≥1 pj,kaje
λjs,
where for each k only a finite number of the factors pj,k differs from zero, that
converges uniformly to f in every reduced strip in U , and converges formally to the
Dirichlet series on U [3, p. 148].
On the other hand, we recall that the class of general Dirichlet series consists of
series that take the form
∑
n≥1 ane
−λns, an ∈ C, where {λn} is a strictly increasing
sequence of positive numbers tending to infinity. Regarding these series, H. Bohr
introduced an equivalence relation (which we will refer to as Bohr-equivalence)
among them that led to exceptional results such as Bohr’s equivalence theorem:
Bohr-equivalent general Dirichlet series take the same values in certain vertical
lines or strips in the complex plane (see for example [2]). This equivalence relation
was used by Righetti in 2017 to obtain a partial converse theorem for the case of
general Dirichlet series in their half-plane of absolute convergence [10]. Regarding
the so-called Dirichlet series associated with an almost periodic function f(s) in
AP (U,C), it is worth mentioning that f(s) coincides with its associated Dirichlet
series in the case of uniform convergence on its strip of almost periodicity U (hence
in particular if the convergence is absolute), but if this condition is not satisfied we
only can state that f(s) is associated with its Dirichlet series on the region U .
More generally, concerning exponential sums of type
a1e
λ1s + . . .+ aje
λjs + . . . ,
with aj ∈ C, and where {λ1, λ2, . . .} is an arbitrary countable set of distinct real
numbers (not necessarily unbounded), Sepulcre and Vidal established in 2018 a new
equivalence relation on them (that we will call ∗-equivalence, see definitions 2 and
3), and they also extended it to the context of the complex functions which can be
represented by a Dirichlet-like series (in particular those almost periodic functions
in AP (U,C)) in order to obtain a refined characterization of almost periodicity
(see [11, Theorem 5]). This development also led them to an extension of Bohr’s
equivalence theorem to the case of functions in AP (U,C), which is valid in every
open half-plane or open vertical strip included in their region of almost periodicity
under the assumption of existence of an integral basis [13, Theorem 1], and in the
general case [14, Theorem 1]. It is convenient to remark that this new ∗-equivalence
relation, which can be formally applied to every Dirichlet series associated with
almost periodic functions, coincides with Bohr-equivalence [2] (and hence that used
in [10]) for the particular case of general Dirichlet series whose sets of exponents
have an integral basis.
Given two arbitrary almost periodic functions, in this paper we will prove that
they are ∗-equivalent if and only if there exists an open vertical strip V , included in
their common region of almost periodicity, where both functions assume the same
set of values on every open vertical substrip included in V (Theorem 4). That is,
the existence of such an open vertical strip is a necessary and sufficient condition for
both functions to have the same region of almost periodicity and to be ∗-equivalent
(Corollary 5). Hence we call this statement the equivalence principle for almost
periodic functions since it is formulated in analogy to the identity principle for
holomorphic functions.
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Finally we point out that Theorem 4 improves [10, Theorem C’] in the particular
case of general Dirichlet series, and in fact it represents the converse of [14, Theorem
1], which was formulated in the same terms as those of Bohr’s equivalence theorem;
this is in contrast with the actual equivalence theorem of Bohr for which the converse
is false (see e.g. [10]), and it is thus an important feature of the ∗-equivalence
relation introduced by Sepulcre and Vidal.
2. Preliminaries
We first consider the following equivalence relation which constitutes our starting
point.
Definition 1 (Bohr-equivalence). Let Λ be an arbitrary countable subset of distinct
real numbers, V the Q-vector space generated by Λ (V ⊂ R), and F the C-vector
space of arbitrary functions Λ→ C. We define a relation ∼ on F by a ∼ b if there
exists a Q-linear map ψ : V → R such that
b(λ) = a(λ)eiψ(λ), with λ ∈ Λ.
The reader may check that this equivalence relation is based on that of Bohr for
general Dirichlet series (see e.g. [2, p. 173]).
Now, let Λ = {λ1, λ2, . . . , λj , . . .} be an arbitrary countable set of distinct real
numbers. We will handle formal exponential sums of the type
(1)
∑
j≥1
aje
λjs, aj ∈ C, λj ∈ Λ,
where s = σ + it ∈ C. In this context, we will say that Λ is a set of exponents and
a1, a2, . . . , aj , . . . are the coefficients of this exponential sum.
In this way, based on Definition 1, we consider the following equivalence relation
on the classes of exponential sums of type (1).
Definition 2 (∗-equivalence for exponential sums). Given an arbitrary countable
set Λ = {λ1, λ2, . . . , λj , . . .} of distinct real numbers, consider A1(s) and A2(s) two
exponential sums of the type
∑
j≥1 aje
iλjp and
∑
j≥1 bje
iλjp, respectively. We will
say that A1 is equivalent to A2 (in that case, we will write A1
∗
∼ A2) if for each
integer value n ≥ 1, with n ≤ ♯Λ, there exists a Q-linear map ψn : Vn → R, where
Vn is the Q-vector space generated by {λ1, λ2, . . . , λn}, such that
bj = aje
iψn(λj), j = 1, . . . , n.
Note that this equivalence relation was already introduced in [11] and [13]. In-
deed, as it was showed in [12, Proposition 1], it can be characterized in terms of
a basis of the Q-vector space generated by a set Λ = {λ1, λ2, . . .} of exponents. If
GΛ = {g1, g2, . . .} is such a basis, then each λj in Λ is expressible as a finite linear
combination of terms of GΛ, say
λj =
ij∑
k=1
rj,kgk, for some rj,k ∈ Q, ij ∈ N,
and we will say that GΛ is an integral basis for Λ if rj,k ∈ Z for each j, k.
Remark. It is worth noting that, from this characterization, definitions 1 and 2
are equivalent when it is feasible to obtain an integral basis for the set of exponents
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Λ, but they are not equivalent in the general case. For example, consider the set of
exponents Λ0 = {λ1, λ2, . . . , λj , . . .} given by
λj = 2j − 1 +
1
2(2j − 1)
∈ Q, j = 1, 2, . . . ,
and the exponential sums A1(s) =
∑
j≥1 e
−λjs and A2(p) =
∑
j≥1−e
−λjp. As it
was showed in [11], A1
∗
∼ A2, but it is easy to deduce from Bohr’s paper [5] that
they are not Bohr-equivalent.
Now we extend Definition 2 to certain complex functions which include those of
AP (U,C). For this purpose we recall that the Besicovitch space B(R,C), obtained
by the completion of trigonometric polynomials of the form a1e
iλ1t + . . .+ ane
iλnt,
aj ∈ C, λj ∈ R, with respect to the seminorm
M{f(t)} := lim sup
l→∞
(
1
2l
∫ l
−l
|f(t)|dt
)
,
contains the functions which are identifiable by their Fourier series. Indeed, B(R,C)
is given by the set of functions f : R → C for which the mean value M{f(t)}
exists, so in particular f(t)e−iλt ∈ B(R,C) for every λ ∈ R, and there always
exists at most countably many real values λk for which M{f(t)e−itλk} 6= 0 (see
e.g. [8, sections 3.4 and 4.2]). In an analogous way, we can obtain the space
B(U,C) ⊃ AP (U,C) of complex functions f : U 7→ C, defined in a vertical strip
U = {s = σ + it : α < σ < β}, −∞ ≤ α < β ≤ ∞, which can be represented with
complex exponential sums of the form
∑
j≥1 aje
λjs, aj ∈ C, λj ∈ R, which are
called their Dirichlet series.
Definition 3 (∗-equivalence for Besicovitch almost periodic functions). Given
Λ = {λ1, λ2, . . . , λj , . . .} a set of exponents, let f1 and f2 denote two functions in
B(U,C), with U = {s = σ+ it : α < σ < β}, whose Dirichlet series are respectively
given by
A1(s) =
∑
j≥1
aje
λjs and A2(s) =
∑
j≥1
bje
λjs, aj, bj ∈ C, λj ∈ Λ.
We will say that f1 is
∗-equivalent to f2 if A1
∗
∼ A2, where
∗
∼ is as in Definition 2.
In this case we also write f1
∗
∼ f2.
As one can see, for Dirichlet series of almost periodic functions in AP (U,C) the
∗-equivalence of formal exponential sums (Definition 2) is the same as the above
one; this is why it makes sense to use the same notation.
If f1 and f2 are two
∗-equivalent almost periodic functions in a vertical strip
U = {σ + it ∈ C : α < σ < β} and E is an open subset of (α, β), we recall that,
in the same terms of Bohr’s equivalence theorem, [14, Theorem 1] assures that the
functions f1 and f2 have the same set of values on the region {s = σ+ it ∈ C : σ ∈
E}. The converse of this result will be proved in the following section.
3. The equivalence principle
We start with the following auxiliary result which will be needed later.
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Lemma. Let f1 and f2 be two almost periodic functions in vertical strips U1 =
{σ+ it ∈ C : α1 < σ < β1} and U2 = {σ+ it ∈ C : α2 < σ < β2}, respectively, with
U1 ∩ U2 6= ∅. Suppose⋃
σ∈E
Img (f1(σ + it)) =
⋃
σ∈E
Img (f2(σ + it))
for every open subset E of a certain interval (α, β) ⊆ (α1, β1)∩ (α2, β2), and w ∈ C
with Rew ∈ (α, β). Then there exist {wm}m≥1 ⊂ U1 ∩ U2, with wm → w, and
{tm}m≥1 ⊂ R such that f1(wm + itm) = f2(w) for each m ≥ 1.
Proof. Given w ∈ C with Rew ∈ (α, β) and m ∈ N, consider the set
Em = (Rew − 1/m,Rew + 1/m) ∩ (α, β).
By hypothesis, there exists at least one point zm ∈ {s ∈ C : Re s ∈ Em} such that
f2(w) = f1(zm). Now, if we take wm := Re zm + i Imw and tm := Im zm − Imw,
then we have
|w − wm| = |Rew − Re zm| < 1/m,
so wm → w, and f2(w) = f1(wm + itm). 
We next prove that two almost periodic functions are ∗-equivalent if and only if,
fixed an open vertical strip {s = σ + it ∈ C : σ ∈ (α, β)} included in their common
region of almost periodicity, they assume the same set of values on every region
{s = σ + it ∈ C : σ ∈ E}, where E is an open subset of (α, β).
Theorem 4. Let f1 and f2 be two almost periodic functions in vertical strips
U1 = {σ+ it ∈ C : α1 < σ < β1} and U2 = {σ+ it ∈ C : α2 < σ < β2}, respectively,
with U1 ∩ U2 6= ∅. Then f1
∗
∼ f2 if and only if⋃
σ∈E
Img (f1(σ + it)) =
⋃
σ∈E
Img (f2(σ + it))
for every open set E of real numbers included in a certain interval (α, β) ⊂ (α1, β1)∩
(α2, β2).
Proof. We first note that if f1 and f2 are
∗-equivalent, then U1 = U2 and their
Dirichlet series are associated with the same set of exponents. Hence, by [14,
Theorem 1] we get ⋃
σ∈E
Img (f1(σ + it)) =
⋃
σ∈E
Img (f2(σ + it))
for every open set E of real numbers included in (α1, β1) = (α2, β2). Conversely,
suppose that
⋃
σ∈E Img (f1(σ + it)) =
⋃
σ∈E Img (f2(σ + it)) for every open set E
of real numbers included in a certain interval (α, β) ⊂ (α1, β1) ∩ (α2, β2). We next
prove that for each n ∈ N there exists tn ∈ R such that
(2) |f1(s+ itn)− f2(s)| <
1
n
for every s such that Re s is in some fixed open set E ⊂ (α, β). By contradiction,
suppose that there exist n ∈ N and w ∈ C, with Rew ∈ E, such that
(3) |f1(w + it)− f2(w)| ≥
1
n
for every t ∈ R.
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On the other hand, from the lemma we deduce the existence of a sequence {wm +
itm}m≥1 ⊂ {s ∈ U1 ∩ U2 : Re s ∈ E}, with {wm}m≥1 tending to w, such that
(4) f1(wm + itm) = f2(w) for each m ≥ 1.
Moreover, since f1 ∈ AP (U1,C) there exists k sufficiently large such that
(5) |f1(s)− P
f1
k (s)| <
1
3n
for every s such that Re s ∈ E,
where P f1k (s) =
∑
j≥1 pj,kaje
λjs, with only a finite number of the factors pj,k
differing from zero, is the Bochner-Feje´r polynomial associated with f1(s) (see [3,
Chapter 1, Section 9]). Hence, from (4) and (5), we have
|f1(w + itm)− f2(w)| = |f1(w + itm)− f1(wm + itm)|
≤ |f1(w + itm)− Pk(w + itm)|+ |f1(wm + itm)− Pk(wm + itm)|
+ |Pk(w + itm)− Pk(wm + itm)|
<
2
3n
+
∑
j≥1
|pj,k||aj ||e
λjw − eλjwm |
=
2
3n
+
∑
j≥1
|pj,k||aj |e
λj Rew|eλj(wm−w) − 1|.
Now, since wm −w → 0 and the sum contains only a finite number of terms which
depends on k, we may choose m sufficiently large so that
|eλj(wm−w) − 1| < 2|λj ||wm − w| < 2|λj |
1
6nM
,
where M :=
∑
j≥1 |pj,k||aj ||λj |e
λj Rew. Therefore we get
|f1(w + itm)− f2(w)| <
2
3n
+
∑
j≥1
|pj,k||aj |e
λj Rew|eλj(wm−w) − 1|
<
2
3n
+
2
6nM
∑
j≥1
|pj,k||aj ||λj |e
λj Rew =
1
n
,
which contradicts (3), and thus (2) must be true. This means that {f1(s + itn)}n
converges uniformly on reduced strips in {s = σ + it ∈ C : σ ∈ (α, β)} to f2(s).
Consequently, by [11, Theorem 4], we conclude that f1 and f2 are
∗-equivalent. 
It is known that the identity principle for holomorphic functions states that, given
two functions f(s) and g(s) holomorphic on an open and connected set D ⊂ C, if
f(s) = g(s) on some S ⊂ D having an accumulation point, then f(s) = g(s) on
D. In a similar sense to the identity principle, through the proof of Theorem 4, we
have demonstrated the following result.
Corollary 5 (Equivalence Principle for almost periodic functions). Let f1 and f2
be two almost periodic functions in vertical strips U1 = {σ + it ∈ C : α1 < σ < β1}
and U2 = {σ + it ∈ C : α2 < σ < β2}, respectively, with U1 ∩ U2 6= ∅. If⋃
σ∈E
Img (f1(σ + it)) =
⋃
σ∈E
Img (f2(σ + it))
for every open set E of real numbers included in a certain interval (α, β) ⊂ (α1, β1)∩
(α2, β2), then U1 = U2 and f1
∗
∼ f2.
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It is worth mentioning that the proof of Theorem 4 (and hence Corollary 5)
works for a fixed open vertical strip V = {s ∈ C : Re s ∈ (α, β)} included in the
intersection of U1 and U2. In this sense we may compare the identity principle for
holomorphic functions that needs only one set, with an accumulation point, where
both functions coincide, with the above equivalence principle that needs only the
one open vertical strip V where both functions take the same set of values on every
open vertical substrip included in V .
We can deduce from Corollary 5 the following particular result for general Dirich-
let series that improves [10, Theorem C’].
Theorem 6. Let f1(s) and f2(s) be two general Dirichlet series with the same set
of exponents Λ and uniformly convergent on the half-plane {s = σ+ it ∈ C : σ > α}
for some real number α. Suppose that f1(s) and f2(s) take the same set of values
on every vertical strip {s = σ + it ∈ C : α < σ0 < σ < σ1}, with σ0 < σ1 ≤ ∞.
Then f1(s) is
∗-equivalent to f2(s).
Remark. Note that Corollary 5 (and thus in particular Theorem 6) would not
work under the weaker hypothesis that both functions assume the same values just
on every right half-plane (even in the case of general Dirichlet series). Indeed, the
functions fj(s) =
∑
n≥2 e
−jne(1−
log n
n
)s, j = 1, 2, are clearly not equivalent but on
every right half-plane they both assume every value in C by [3, §4, 5◦, p.163].
Acknowledgements. The first author has been partially supported by a CRM-
ISM postdoctoral fellowship and by a fellowship “Ing. Giorgio Schirillo” from IN-
dAM.
References
[1] L. Amerio, G. Prouse, Almost-Periodic Functions and Functional Equations, The university
series in higher mathematics, Van Nostrand Reinhold Co., New York, 1971.
[2] T.M. Apostol, Modular functions and Dirichlet series in number theory, Springer-Verlag, New
York, 1990.
[3] A.S. Besicovitch, Almost periodic functions, Dover, New York, 1954.
[4] S. Bochner, A new approach to almost periodicity, Proc. Nat. Acad. Sci., 48 (1962), 2039-2043.
[5] H. Bohr, Zur Theorie der allgemeinen Dirichletschen Reihen, Math. Ann. 79 (1918), 136-156.
[6] H. Bohr, Almost periodic functions, Chelsea, New York, 1947.
[7] C. Corduneanu, Almost periodic functions, Interscience publishers, New York, London, Sydney,
Toronto, 1968.
[8] C. Corduneanu, Almost periodic oscillations and waves, Springer, New York, 2009.
[9] B. Jessen, Some aspects of the theory of almost periodic functions, in Proc. Internat. Congress
Mathematicians Amsterdam, 1954, Vol. 1, North-Holland, 1954, pp. 304–351.
[10] M. Righetti, On Bohr’s equivalence theorem, J. Math. Anal. Appl., 445 (1) (2017), 650-654;
Corrigendum, ibid. 449 (2017), 939-940.
[11] J.M. Sepulcre, T. Vidal, Almost periodic functions in terms of Bohr’s equivalence relation,
Ramanujan J., 46 (1) (2018), 245–267; Corrigendum, ibid. (to appear).
[12] J.M. Sepulcre, T. Vidal, Bohr’s equivalence relation in the space of Besicovitch almost periodic
functions, Ramanujan J., DOI 10.1007/s11139-018-0022-y, 2018.
[13] J.M. Sepulcre, T. Vidal, A generalization of Bohr’s equivalence theorem, arXiv:1711.04112v2
[math.CV], (2018).
[14] J.M. Sepulcre, T. Vidal, Sets of values of equivalent almost periodic functions,
arXiv:1801.08864 [math.CV], (2018).
7
Department of Mathematics, University of Genova, Genoa, Italy
E-mail address: righetti@dima.unige.it
Department of Mathematics, University of Alicante, 03080-Alicante, Spain
E-mail address: JM.Sepulcre@ua.es
University of Alicante, 03080-Alicante, Spain
E-mail address: tmvg@alu.ua.es
8
